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A model of transmission lines on the A model of transmission lines on the 
it i lit i lunit circleunit circle

J. WuJ. Wu, Theory and Applications of  Partial FDEs,, Theory and Applications of  Partial FDEs,
S iS i V l (1996)V l (1996)SpringerSpringer--Verlag, (1996).Verlag, (1996).

J Wu & H XiaJ Wu & H Xia SelfSelf--sustained oscillations in a ringsustained oscillations in a ringJ. Wu & H. XiaJ. Wu & H. Xia, Self, Self--sustained oscillations in a ringsustained oscillations in a ring
array of  coupled lossless transmission lines, array of  coupled lossless transmission lines, 
J. Differential Equations, Vol. 124, (1996).J. Differential Equations, Vol. 124, (1996).J q , , ( )J q , , ( )

J. Wu &  H. XiaJ. Wu &  H. Xia, Rotating waves in neutral partial FDEs, , Rotating waves in neutral partial FDEs, 
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J. Dynam. Differential Equations, Vol. 11, (1999).J. Dynam. Differential Equations, Vol. 11, (1999).
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with domainwith domain

yields an i. g. of a C0-semigroup on H1(S1).
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The basic theory by Jack Kenneth Hale



Hale, Partial neutral F. D. equations,
Rev. Roumaine Math. Pure Appl., (94).pp , ( )

Hale, Coupled oscillators on a circle,, p ,
Resenhas IME-USP, (94).

Adimy & Ezzinbi: (E,| .|) a Banach space.
J. D. E. (1998).( )
Appl. Math. Lett., (1999).
D. E. Dynam. Systems, (1999).y y , ( )
Hiroshima Math. J. (2004)
& M. Laklach, thesis, Pau (2001)
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, , ( )
CRAS (2000) & Cand J. Math (2001).



Also Yuming Chen 1999
r infinite ?
Adimy, Bouzahir & Ezzinbi:
Existence and stability …, 
J  M h  A l  A l  (2004)J. Math. Anal. Appl., (2004).
Local existence ...,
D  E  d D  S  (2004)D. E. and Dynam. Systems, (2004).
H. R. Henriquez & E. Hernandez:
JMAA (1998) 2 pape sJMAA (1998) 2 papers
Hernandez (JMAA, 2004) & (JDE, 2002)

Anal tic Semig o pAnalytic Semigroup
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Axioms (A), (A1) and (B).

K. Hale, & J. Kato,
Phase space for retarded equations with infinite delay,
Funkcial. Ekvac., (78).

Y. Hino, S. Murakami & T. Naito,
Functional Differential Equations with Infinite Delay,
Springer-Verlag (91).

Hypothesis:   Phase Space
is an axiomatic abstract (semi)normed
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linear space mapping (-∞,0] into E.
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(H1)---(H3) with φ(0)-G(0,φ) ∈
give global existence and uniqueness.

)(AD
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Let X := { φ ∈ B : Dφ ∈ })( AD
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{ φ φ })( AD



What is a Global Attractor ?What is a Global Attractor ?
XX ii B hB h SSXX is a is a BanachBanach Space Space 

SupposeSuppose (U(t)) is a(U(t)) is a semigroupsemigroup of operators w/of operators w/Suppose Suppose (U(t)) is a (U(t)) is a semigroupsemigroup of operators w/of operators w/

•• (U(t)), t ≥ 0(U(t)), t ≥ 0, maps bounded sets of , maps bounded sets of XX into into 
bounded sets ofbounded sets of XXbounded sets of bounded sets of XX

Under Under (U(t)), t ≥ 0,(U(t)), t ≥ 0,
A A global attractor A global attractor A in in XX is a maximal is a maximal 
compact invariant set that attracts each compact invariant set that attracts each 
bounded set bounded set BB in in XX, that is, that is
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dist(dist(U(t)U(t) BB , , AA ) → 0 as t → +∞) → 0 as t → +∞



Global AttractorGlobal Attractor: Conditions ?: Conditions ?
11 AA i pi p (U(t)) t(U(t)) t ≥ 0≥ 0 XX1. 1. A A semigroupsemigroup (U(t)), t (U(t)), t ≥ 0, ≥ 0, on on XX
is is asymtoticallyasymtotically smoothsmooth ifif
for for any any nonempty closed bounded nonempty closed bounded 
setset BB inin XX such that U(t)such that U(t)BB ⊂⊂ BBset set BB in in XX such that U(t)such that U(t)BB ⊂⊂ BB
there exists a compact set C in there exists a compact set C in BB
such that C attracts such that C attracts BB, that is,, that is,
dist(U(t)dist(U(t)BB, C) , C) → 0 as t → +∞→ 0 as t → +∞( ( )( ( ) , ), )
⇑⇑
(U(t)) t(U(t)) t ≥ 0≥ 0 ii q iq i p tp t
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(U(t)), t (U(t)), t ≥ 0, ≥ 0, is is quasiquasi--compactcompact



HenceHence
Let Let XX be the space of initial functions be the space of initial functions φφ, , pp φφ,,
that is, that is, XX := { := { φφ ∈∈ BB : D: Dφφ ∈∈ }}

Suppose Suppose 
)( AD

pppp
1.1. F F depends only on depends only on φφ

2.2. F F satisfies enough satisfies enough conditions conditions to ensure to ensure 
that it maps bounded sets of that it maps bounded sets of XX into into pp
bounded sets of E and for each initial bounded sets of E and for each initial 
function function φφ in in XX, , the eq. has a unique global the eq. has a unique global φφ q q gq q g
integral solution and this solution is integral solution and this solution is 
continuous in  continuous in  φφ..
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SolutionSolution SemigroupSemigroupSolution Solution SemigroupSemigroup

Set Set U(t) U(t) φφ =    (., =    (., φφ)) , t ≥ 0,, t ≥ 0,

where u(., where u(., φφ) is the unique integral solution) is the unique integral solution

issued fromissued from φφ inin XX withwithissued from issued from φφ in in XX withwith

XX:={:={φ∈φ∈BB: D: Dφφ in the closure of D(A)} in the closure of D(A)} 

(U(t)) is a (U(t)) is a semigroupsemigroup of operatorsof operators

SupposeSuppose

* (U(t)), t ≥ 0, maps bounded sets of * (U(t)), t ≥ 0, maps bounded sets of XX into into 
bounded sets of bounded sets of XX
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(U(t)) is an (U(t)) is an αα--contractioncontraction::
U(t) = V(t) + W(t) t > 0U(t) = V(t) + W(t) t > 0U(t) = V(t) + W(t), t > 0U(t) = V(t) + W(t), t > 0
V(t), t>0, is compactV(t), t>0, is compact

(W(t)), (W(t)), tt ≥ 0, is ≥ 0, is exp.tiallyexp.tially stablestable
⇑⇑??⇑⇑??

(H4) T(H4) T0 0 (t), t>0, is compact and    (t), t>0, is compact and    ( )( ) ( ) p( ) p
exponentially exponentially stable stable ((αα))

(H5)D i t bl(H5)D i t bl ((n tn t ffi tffi t nn(H5)D is stable (H5)D is stable ((not not suffi.ctsuffi.ct even even 
w/ M, K bounded on [0,+∞w/ M, K bounded on [0,+∞))))
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(H2’) D is (H2’) D is BB--unifunif. exp. stable . exp. stable 
….….



AgainAgain

Under Under (U(t)), t(U(t)), t ≥ 0≥ 0,,( ( )),( ( )), ,,

AA global attractorglobal attractor AA in X is a maximalin X is a maximalA A global attractor global attractor AA in X is a maximal in X is a maximal 
compact invariant set that attracts compact invariant set that attracts 
each bounded set B in X, that each bounded set B in X, that is is 

dist(U(tdist(U(t) B , ) B , AA ) ) → 0 as t → +∞→ 0 as t → +∞
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Standard Case: DStandard Case: D φφ = = φφ(0) ((0) (Not Neutral)Not Neutral)

i h Bi h B CCwith B with B = C= Cγγ

(U(t))(U(t)) is anis an αα--contractioncontraction::(U(t)) (U(t)) is an is an αα contractioncontraction::

U(t) = V(t) + W(t), t > 0 U(t) = V(t) + W(t), t > 0 andand

V(t), t>0, V(t), t>0, is compactis compact

(W( ))(W( )) ≥ 0≥ 0 ii blbl(W(t)), (W(t)), tt ≥ 0, ≥ 0, is expis exp. stable. stable

⇑⇑⇑⇑
(H4)(H4) TT0 0 (t), t>0, (t), t>0, is compact & expis compact & exp. stable. stable

21



zero is exp. stablezero is exp. stable

⇑⇑

F is differentiable at 0F is differentiable at 0BB and F’(0and F’(0BB)=0)=0EE

and  and  

ss (A(A )<0)<0ss11(A(ATT)<0)<0
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Hypotheses:Hypotheses:
(U(t)), t(U(t)), t ≥ 0≥ 0, is point dissipative, is point dissipative(U(t)), t (U(t)), t ≥ 0≥ 0, is point dissipative, is point dissipative
((compact dissipativecompact dissipative) if:) if:
h i b d d B i X hh i b d d B i X hthere is a bounded set B in X that attracts there is a bounded set B in X that attracts 
each point of X ( each point of X ( each compact of Xeach compact of X),),

That is,That is,
for allfor all φφ inin X (X (C cpct in XC cpct in X))for all for all φφ in in X (X (C cpct in XC cpct in X))
dist(U(t)dist(U(t)φφ , B) , B) → 0 as t → +∞→ 0 as t → +∞

((dist(U(t)C , B) dist(U(t)C , B) → 0 as t → +∞→ 0 as t → +∞))
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H. BOUZAHIR, H. YOU and R. YUANH. BOUZAHIR, H. YOU and R. YUAN: : 
Global Attractor for Some PartialGlobal Attractor for Some PartialGlobal Attractor for Some Partial Global Attractor for Some Partial 
Functional Differential Equations with Functional Differential Equations with 
I fi i D lI fi i D l F k i l jF k i l j Ek i jEk i jInfinite Delay. Infinite Delay. FunkcialajFunkcialaj EkvaciojEkvacioj, , 
2011.2011.
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(U(t)) is an (U(t)) is an αα--contractioncontraction::
U(t) = V(t) + W(t) t > 0U(t) = V(t) + W(t) t > 0U(t) = V(t) + W(t), t > 0U(t) = V(t) + W(t), t > 0
V(t), t>0, is compactV(t), t>0, is compact

(W(t)), (W(t)), tt ≥ 0, is ≥ 0, is exp.tiallyexp.tially stablestable
⇑⇑ ??⇑⇑ ??

(H4) T(H4) T0 0 (t), t>0, is compact and    (t), t>0, is compact and    ( )( ) ( ) p( ) p
exponentially stableexponentially stable

(H5)D i t bl n t(H5)D i t bl n t ffi tffi t nn(H5)D is stable not (H5)D is stable not suffi.ctsuffi.ct even even 
w/ M, K bounded on [0,+∞)w/ M, K bounded on [0,+∞)
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(H2’) D is B(H2’) D is B--unifunif. exp. stable . exp. stable 


