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Dvi+flve), t=0

C = C([-0]: H1(S')) as phase space
D € L(C.H'(S')): Dy = ¢(0) — Po.

s With domain

yields an i. g. of a C,-semigroup on H(S1).

The basic theory by
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Also 1999
r infinite ?

Existence and stability ...,

J. Math. Anal. Appl., (2004).

Local existence ...,

D. E. and Dynam. Systems, (2004).

JMAA (1998) 2 papers
(JMAA, 2004) & (JDE, 2002)
Analytic Semigroup

Im(G) < D((-4)#), 0 < B <
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Lo (x(1) = G(t.x1))
< t = 0,
A(x(r) — G(t.x:)) + F(t.x¢).

Xg = .
L l:l {;

A 15 a Hille-Yoshida operator on E,
C = C([-r.0]: E) as phase space,
G.F : [0,+m) x C — E continuous
v t>=0, x; € Cisdefined by

x:(8) = x(t + 8). for @ e [-r.0]




s =

1 @ : (-0, 0] - E meas. }
L =
|  s.t e"¢()isintegrable
with the seminorm
0

1911, = 1600)|+ | _e7/6(6)|

[ ¢ : (—oe,0] — E such that )
Cr =9 lim e (A) exists in E

., == v

w/ the norm ||¢ ||, :=sup e™|¢(8)].

G=)




Axioms (A), (Al) and (B).

Phase space for retarded equations with infinite delay,
Funkcial. Ekvac., (78).

Functional Differential Equations with Intinite Delay,
Springer-Verlag (91).

Hypothesis: Phase Space

{EL ‘ . H Ej is an axiomatic abstract (semi)normed

linear space mapping (-0,0] into E.
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- (H1) 4 Is Hille-Yosida, I.e.,
3 M =1, @ € R such that

(i) (@.4+x) < p(4),
(i) VA>wmnelN

(4 —&)" [ (R(A.A)" || < M.

o(A) Is the resolvent set of A4
R(A.A) = (AT-A) !




Definition 1. ¥ ¢ € B. we say that

x : (—x.a] - E, a = 0. 1s an integral
solution 1n (—oo,a] 1t

(1) x 15 continuous on [0, a],

ii) x(7) = p(f). —m<t=0,
(iii) for all r = [0.a].

J- (x(5) — G(s5,x:))ds = D{A), and

x(t) = G(t.x:) + o(0) — G(0, @)
4| ;(_1-(5] — G(s.xs))ds

+ J-;F(s.x;)ds.
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(H2) G : [0,+x)x B — E is cont. and =
ag = 0 such that o¢K(0) = 1 ang

G(t.¢1) — G(t.¢2)| = aolle1 — 2| 8.

(H3) F : [0,+x) x B — Eis cont. and =
Bo = 0 such that

F(t,o1) - F(t.o2)| < Bolo1— o2 g

(H1)---(H3) with ©(0)-G(0)

give global existence and uniqueness.
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0
> Dy = ADug + Fit, ). £> 0

U :(.ESEBT

Dp = @(0) — Dgep forany o B,

Do € L( B.E)
Yu: (—e,b] - E b=0, &t e [0.b],
iy (—o0,0] - E defined by

ui(B) = u(r+6) for 6 = (—wo,0].

LetX:={¢ € Z: Dy € BITY] }




What is a Global Attractor ?
is a Banach Space

Suppose (U(t)) is a semigroup of operators w/

- (U(t)), t 2 0, maps bounded sets of  into
bounded sets of

Under (U(t)), t = 0,
A global attractor A in  is a maximal
compact invariant set that attracts each
bounded set in , that is
dist(U(t) ,A)—>0ast— +©
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A semigroup (U(t)), t = 0, on
is asymtotically smooth if
for any nonempty closed bounded
set 1n such that U(t) C

there exists a compact set C in
such that C attracts , that is,
dist(U(t) ,C) > 0ast— +x

(U(t)), t =2 0, is quasi-compact
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Hence
Let  be the space of initial functions ¢,
thatis, * := { ¢ € : Dy < BB }
Suppose
1. F depends only on ¢

2. F satisfies enough conditions to ensure
that it maps bounded sets of  into
bounded sets of E and for each initial
function ¢ in , the eq. has a unique global
integral solution and this solution is
continuous in ¢.
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Solution Semigroup

Set U(t) ¢ =(., ¢),t=0,

where u(., ¢) is the unique integral solution
issued from ¢ in  with

:={p€&: D¢ in the closure of D(A)}
(U(t)) is a semigroup of operators
Suppose

* (U(t)), t = 0, maps bounded sets of  into
bounded sets of
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(U(t)) 1s an a-contraction:
U@) = V(@) + Wi),t>0
V(t), t=>0, is compact
(W), t =0, isﬂexp.tially stable
P

(H4) T, (t), t=0, is compact and
exponentially stable («)

(H5)D is stable not suffi.ct even
w/ M, K bounded on [0,+)

(H2’) D is &-unif. exp. stable




Again
Under (U(t)), t = 0,

A global attractor A in X 1s a maximal
compact invariant set that attracts
each bounded set B in X, that is

dist(U(t) B, A) > 0ast— +x®
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Standard Case: D ¢ = ¢(0) (Not Neutral)
with B = C,

(U(t)) is an a-contraction:

U(t) = V() + W(t), t >0 and

V(t), t>0, 1s compact

(W(t)), t =0, is exp. stable
f
(H4) T.(t), t>0, is compact & exp. stable

21




zero 1s exp. stable

f

F is differentiable at Oz and F’(05)=0¢
and
s;(A1)<0
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Hypotheses:

(U(t)), t 2 0, is point dissipative

(compact dissipative) if:

there is a bounded set B in X that attracts
each point of X ( each compact of X),

That is,

for all ¢ in X (C cpct in X)
dist(U(t)¢ , B) — 0 as t — +©

(diSt(U(t)C ,B) = 0ast— +oo)
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4 Application

To illustrate Theorem 1.2 that we have developed, we consider the following reaction
diffusion equation with infinite delay
0

(t §) = é?gu(t ) = polt,§) + / k(0)g(w(t +0,-))(E)do, £ >0, 0<E <,
<-ua(t_0)_u( ) =0,1>0.

(

L w(f, ) =wg(f,€), —00<f<0,0<E<T,

41}
where 1 is a positive constant, wy(t,-) € E = C([0,7]:R) a Banach space with the
supreme norm, ¢ : £ — E is globally Lipschitz continuous with Lipschitzian constant
[>0and k: (—00,0] — |0, 400) satisfies

u
| / e k(8)df < .

c.;:.




For some 7 > 1, define

C, = {&i}\ﬂr: (—0,0] = E is continuous and lim ¢"6(6) E!XibTS}

endowed with norm |||}, = sup €’[¢(d)], ¢ € C... Define
—00< <)

<" Ay=y"-py, yeD(4)
D(A) ={y € C*([0,7]): B) : y(0) = y() = 0},

\

and F': C, — E with
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We can see that

D(A)={ye E:4(0)=y(r) =0} # E
Set 2(t) = w(t,-) € E, 2,(0) = 2(t +8), 2, € C, and ¢(6)(¢) = wy(6, ). Then Eq.(4.1)

can be rewritten into the following abstract Cauchy problem

v(t) = Ax(t) + F(zy), t >0,

h Ty=0E C'nlr..

t), defimed by (1.3), 1

(H4)" || To(t)||; < e, t > 0, with a constant o > 0.

Theorem 1.2 Under the assumptions (H1)-(H3) and (H}) with min{y,a} > L,
Eq.(1.1) has a global attractor A,
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Now let us verify the assumptions in Theorem 1.2 for Eq.(4.2). In [31], the authors
have proved that, for the operator By = " with D(B) = D(A),

1
(0,4) C p(B) and H(/\J—B)*MX for >0,

Therefore, we have

(—p,+00) Cp(A) and [|(\ - A)7 <

for A>—pu. 4.3
i wo (4.3)

which implies that A is a Hille-Yosida operator.
Furthermore, we denote By as the part of B on D(B), ie.,
By(y) = Bly), for ye D(By)={ye D(B):y"(0)=y"(r) =0},

Then By is a densely defined Hille-Yosida operator and generates a compact Cj-
semigroup T'g,(t), t > 0, on D(B) with |Tg,(t)||z < 1, see [16]. Consequently, Ay,
the part of A on D(A), generates a compact Cy-semigroup Ty(t), t > 0, such that

ITo(t)llc < e (4.4)




On the other hand, for every ¢y, &, € €., we have

|F(01) = F(os)]| = sup [F(¢1)(§) — Floy)(¢)]

0<<r
0
< s [ KONo(6)1E) - gl
0
< s [ kO)]oe)e) - o o
< | / P HB)dB]6, - b,

i.e., F is globally Lipschitz continuous with Lipschitzian constant

0
L= l/ e 'k(8)dd < p. (4.5)

ince Tg(t) is compact for t > 0, based on (4.3), (4.4) and (4.5) and applying Theorem
1.2, we obtain that Eq.(4.1) has a global attractor.
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Theorem 1.2 Under the assumptions (H1)-(H3) and (H}) with min{y,a} > L,
Eq.(1.1) has a global attractor A.

24/12/2011




H. BOUZAHIR, H. YOU and R. YUAN:

Global Attractor for Some Partial
Functional Differential Equations with
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2011.
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(U(t)) 1s an a-contraction:
U@) = V(@) + Wi),t>0
V(t), t=>0, is compact
(W), t =0, i?} exp.tially stable
P

(H4) T, (t), t=0, is compact and
exponentially stable

(H5)D is stable not suffi.ct even
w/ M, K bounded on [0,+)

(H2’) D is B-unif. exp. stable




